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Families Implying the Frankl Conjecture
THERESA P. VAUGHAN
A union closed (UC) family A is a f nite family of sets such that the union of any two sets in
A is also in A. Peter Frankl conjectured that for every union closed family A, there exists some x
contained in at least half the members ofA.
An FC-family is a UC family B such that for every UC family A, if B ⊆ A, then A satisf es the
Frankl conjecture. We construct several such families, involving f ve, six, and seven elements.
c© 2002 Elsevier Science Ltd. All rights reserved.
1. INTRODUCTION
A union-closed family (or UC-family) A is a f nite collection of sets, not all empty, such
that the union of any two members of A is a member of A. Peter Frankl conjectured in 1979,
that some element of S = ∪A must be an element of at least half the sets in A.
The conjecture is still unproved, though there are various partial results; for example, the
conjecture is true if |S| ≤ 8, or if |A| ≤ 36 (for details, see [2, 4, 5]). In [3], the authors def ne
a ‘dual family’ for each UC family, and show that for every UC family, either it or its dual
satisfie the conjecture.
It is easy to see that if A contains a set of cardinality 1, say {x}, then x is contained in at
least half the members of the family; if A contains {x, y}, then either x or y is contained in
at least half the members of the family, and in [4], Poonen proves that ifA contains any three
of the 3-subsets of a 4-set {x, y, z, w}, then one of x, y, z, w is contained in at least half the
members of A.
In this paper, we are interested in collections B of sets with the property that, if A is a
UC-family containing B, then one of the members of ∪B is contained in at least half the
members of A. If | ∪ B| = n, we say that B is an FC(n)-family, and if B does not contain any
FC( j )-family for j < n, then B is a proper FC(n)-family.
We have found the following proper FC(n)-families:
(a) a 5-set together with all of its 4-subsets,
(b) a 5-set with four of its 4-subsets and four of its 3-subsets,
(c) a 6-set with 10 of its 4-subsets and their unions,
(d) a 6-set with all of its 5-subsets and eight of its 4-subsets,
(e) a 7-set with all of its 6-subsets and 15 of its 5-subsets.
In [4], Poonen shows that a 4-set with three of its 3-subsets, is an FC(4)-family, and this
suggested the possibility of generalization. The basic idea for our method is the same as
Poonen’s, though the implementation is more complicated for the larger values of n. We use a
condition which is suff cient to guarantee that a family is an FC(n) family, but this condition
is stronger than necessary; we have not been able to show that the family types we have found
are the only ones possible, though there is considerable evidence to suggest that (a) and (b)
are the only proper FC(5)-families.
One of the most interesting aspects of the FC(c)-families arises in considering a UC-family
A which does not contain any (known) FC(n)-families. This has the effect of limiting the
number of sets of a given size in A, and hence the cardinality of A. For example, if ∪A has
cardinality six, and A does not contain any of the FC(n)-families listed above, then A has no
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sets of cardinality 1 or 2, no more than eight 3-sets, no more than nine 4-sets, no more than
six 5-sets, and of course one 6-set, and then |A| ≤ 24; and the conjecture holds for A.
In the last section, we list some questions and conjectures.
2. PRELIMINARIES
Let A be a UC-family, and S = S(A) = ∪A. If x ∈ S, let Ax denote the collection of
members of A which contain x . The set of all y ∈ S such that Ax = Ay , is called a block.
We shall assume henceforward, that all the blocks are singletons. Then (since A is a f nite
family), the set S is also fi ite, and we may assume that S = {1, 2, . . . , n} for some positive
integer n. We use the notation P(S) (or P(n)) for the power set of S.
We shall employ the following notation. Let A be a UC-family, and suppose that S(A) =
{1, 2, . . . , n}. Then:
n j = n j (A) is the number of members of A of cardinality j ;
o j = o j (A) is the number of members of P(n) of cardinality j which are not in A;
Nj = Nj (A) is the number of members of A containing the element j ,
K = K (A) = ∑n−1i=1 (2i − n)ni and if n is even, divide by two.
If A and B are UC families, then A unionmulti B = {X ∪ Y |X ∈ A,Y ∈ B}.
In [4] Poonen proves the following two theorems, on which our construction is based.
THEOREM 2.1. Let B be a UC family, and suppose∪B = {1, 2, . . . , k}. Then the following
are equivalent:
(i) For every UC family A containing B, there exists i ∈ {1, 2, . . . , k} such that Ni (A) ≥
|A|/2.
(ii) There exist non-negative real numbers c1, c2, . . . , ck with sum 1, such that for every
UC-family C in P(k) satisfying B unionmulti C ⊆ C,
k∑
i=1
ci Ni (C) ≥ |C|/2.




Ni (C) ≥ |C|/2.
Theorem 2.1 naturally suggests the following definition
DEFINITION 2.3. Let B be a UC family with ∪B = {1, 2, . . . , n}. Then B is an FC(n)-
family provided for every UC familyA with B ⊆ A, there is some i ∈ {1, 2, . . . , n} such that
Ni (A) ≥ |A|/2.
B is a proper FC(n)-family if it contains no FC( j )-family for j < n.
It is easy to prove, in several ways, that if A contains a set of cardinality one or two, then
the Frankl conjecture is satisf ed, that is, any 1-set is an FC(1)-family, and any 2-set is an
FC(2)-family. Sarvate and Renaud [5] give an example of a UC-family A containing a 3-set
{x, y, z} such that each of x, y, z is in fewer than half the members of A, that is, there are no
proper FC(3)-families. Poonen [4] proves that any 4-set together with three of its 3-sets, is an
FC(4)-family, and that a 4-set with two of its 3-sets is not an FC(4)-family; thus there is only
one (type of) proper FC(4)-family.
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We have found some FC(n)-families for n = 5, 6, 7. For each such family B, we show that
K (A) ≥ 0 for all A in P(n) satisfying A unionmulti B ⊆ A. Since this condition is sufficie t, but not
necessary, it is of course possible that there are other FC(n)-families for n = 5, 6, 7 to which
our method does not apply.
For n = 7, for instance, we have K (A) = 5(n6 − n1)+ 3(n5 − n2)+ (n4 − n3). We need to
fin lower bounds for the quantities (n j − nn− j ). The general idea is this: if A unionmulti B ⊆ A, and
if a set X is in B but not in A, then A cannot contain any of the subsets of X . The Kruskal–
Katona theorem (stated later) gives a lower bound for the number of j -sets contained in a
collection of k-sets, and we use this (in part) to derive some of our lower bounds. In addition,
for each value of n = 5, 6, 7 we need some special arguments for the case when B ⊆ A.
DEFINITION 2.4. Let S = {1, 2, . . . , n} and let U = {X1, X2, . . . , Xm} be a collection
of k-sets of S; m > 0. For j ≤ k, C j (U) is the collection of all the j -sets in S which are
contained in at least one of the members of U . Put c j (k,m) = min(|C j (U)|) where U runs
over all collections of m distinct k-sets in S, and d j (n; k,m) =
(n
j
) − c j (k,m) (for j ≤ k).
The values of the numbers c j (k,m) are given by the (generalized)Kruskal–Katona theorem.
We f rst give a preliminary theorem. (For a detailed discussion, see Anderson [1].)

















where ak > ak−1 > · · · > at ≥ t ≥ 1. (This is the k-binomial representation of m.)
THEOREM 2.6 (KRUSKAL–KATONA). Let U = {X1, X2, . . . , Xm} be a collection of
k-sets.
If the k-binomial expression for m is m = (akk
) + (ak−1k−1
) + · · · + (att
)
, then
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This theorem is proved constructively; the value on the right of the last inequality is actually
attained. So we can state
COROLLARY 2.7. Given the assumptions of Theorem 2.6,
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3. COUNTING SETS IN UC FAMILIES
In this section we give some general results, which will be used for the special cases n =
5, 6, 7. We give fir t a very useful (though trivial) consequence of the definitio of unionmulti.
LEMMA 3.1. Suppose that B and C are UC families in P(S) such that BunionmultiC ⊆ C. If X ∈ B,
and if C contains any subset of X, then X ∈ C.
PROOF. Suppose that X is any set in B. If C contains any subset Y of X , then X ∪ Y =
X ⊆ B unionmulti C ⊆ C. 
LEMMA 3.2. Suppose that B and C are UC families in P(n) such that B unionmulti C ⊆ C. Let U
be the collection of k-sets of S which are in B but not in C, and suppose that |U | = m > 0.
Then for all 1 ≤ j ≤ k, we have n j (C) ≤ d j (n, k,m).
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PROOF. Suppose that X is a k-set in B. By Lemma 3.1, if X is not in C, then C cannot
contain any of the subsets of X . Hence, since |U | = m > 0, C cannot contain any of the
members of the collection C j (U), for any 1 ≤ j ≤ k, and the result follows. 
This lemma can be applied usefully to any UC family, in view of the following simple
observation. Suppose that A is a UC family, and that x ∈ S. Put B = {X ∈ A : x /∈ X},
and C = {X − {x} : X ∈ Ax }. Evidently A is the disjoint union of B and Ax and since A is
union-closed,BunionmultiAx ⊆ Ax . Then we also have BunionmultiC ⊆ C, and both B and C are UC families
in P(S − {x}).
The numbers c j (k,m) are not very tractable, but it is not hard to compute directly the values
of d j (n, n − 1,m).





PROOF. Let S be an n-set, and U = {X1.X2, . . . , Xn} a collection of (n − 1)-subsets of S.
Then for each i = 1, . . . ,m we have Xi = S − {si }. Let X be any j -set with j ≤ n − 1.
If j < m, then not all of the elements si can be members of X , and so X is contained in at
least one of the sets Xi ; thus d j (n, n − 1,m) = 0 if j < m. If m ≥ j , then a j -set X will
be contained in one of the Xi unless X contains all of the elements si ; the number of j -sets




and the result follows. 
LEMMA 3.4. SupposeA is a UC family with S = {1, 2, . . . , n}, and 2 ≤ k < n. Let U be
the collection of the k-sets of P(n) which are not members of A, and let V be the collection
of the (k − 1)-sets which are not members of A.
(a) Then |V | ≥ |Ck−1(U)| − |U |, and consequently, ok−1 ≥ ck−1(k, ok) − ok.
(b) For 2 ≤ k ≤ n, (n − k + 1)ok−1 ≥ (k − 1)ok.
PROOF. (a) In a UC familyA, for any k ≥ 2, if there is a k-set X such that two (or more)
of the (k − 1)-subsets of X are in A, then the set X is also in A. Thus for each set X in
the collection U , the family A can contain at most one of its (k − 1)-subsets, and so V
contains all but at most |U | of the members of Ck−1(U); this proves (a).
(b) We think of a k-set X as having k associated ‘blanks’, where each blank can be fille in
with one of the (k−1)-subsets of X . Each (k−1)-set is a subset of n−k+1 k-sets, i.e.,
each (k−1)-set f lls in n−k+1 blanks. Each set X ∈ U can have at most one blank f lled
in by a (k−1)-set inA, and so there must be at least (k−1)|U | = (k−1)ok blanks f lled
in by members of V . The members of V fil in a total of (n−k+1)|V | = (n−k+1)ok−1
blanks, and it follows that (n − k + 1)ok−1 ≥ (k − 1)ok , as required. 
REMARK. The estimates given above are not usually best possible. For example, if m = 2
and k = 4, the f rst part would say that, ifA is missing two 4-sets, then it must also be missing
at least f ve of their 3-subsets, and this is best possible. However, if m = 5 and k = 4, while
the number given by the lemma is f ve; it is easy to see that to miss f ve 4-sets, a UC family
must miss at least eight of their 3-subsets (more if the 4-sets are not all subsets of a single
5-set). If n = 5 and k = 4 and o4 = 1, the second part would say that 2o3 ≥ 3, but in fact in
this case if o4 = 1 then o3 ≥ 3. It appears that for large k the f rst estimate is better, and for
small k, the second is better, but we have not proved this.
The next lemma gives some bounds depending on the number of 2-sets in A. Obviously, if
o2 = 1, 2, then o3 ≤ 1, so we state the lemma only for values of o3 ≥ 3.
LEMMA 3.5. Suppose that A is a UC family with S = {1, 2, . . . , n}. Suppose that k =





Families implying the Frankl conjecture 855
PROOF. Suppose that 3 ≤ j ≤ (k + 1), and X is a j -set which is not in A. Let Y be the
union of all the 2-sets of A which are contained in X ; then Y ⊆ X − {t} for some t . That is,
every 2-set in X which contains t , must be a member of V . There are ( j − 1) such 2-sets, and
their union is X . In particular, X is in the UC family generated by V , and the number of such





The remaining results of this section have to do with UC families generated by a collection
of 2-sets.
THEOREM 3.6. Let A be a UC family, with S = S(A) = {1, 2, . . . , n}, which is generated
by its 2-sets (i.e., every member of A is a union of 2-sets in A). Let n2(A) = m = 0, and
let U = {X1, X2, . . . , Xm} be the collection of 2-sets of A. For each i = 1, 2, . . . , n, put
T (i) = {r : {i, r} ∈ U}, and ti = |T (i)|. Then, for each i
(a) S − T (i) /∈ A
(b) If Y is a subset of S − T (i) such that i ∈ Y , then Y /∈ A.
(c) If Y /∈ A, then there exists some i ∈ S such that Y is a subset of S − T (i) with i ∈ Y .
PROOF. (a) Let T (i) = {r1, r2, . . . , rt }, and put X = S − T (i). Then i ∈ X , and so X
cannot be a union of members of U , since every member of U containing i also contains one
of the members of T (i), that is, X /∈ A. Statement (b) is proved similarly.
For (c), suppose Y /∈ A, and let Z be the union of all the members ofU which are contained
in Y . Then Z = Y − {s1, s2, . . . , st } (for some si ; t ≥ 1), and so T (s1) ⊆ S − Y , whence
Y ⊆ S − T (s1). 
COROLLARY 3.7. With the assumptions of Theorem 3.6, if ti ≥ k for all i = 1, 2, . . . , n,
thenA contains every (n − k + 1)-set of S.
THEOREM 3.8. With the assumptions of Theorem 3.6, suppose there is at most one i ∈ S
such that ti < n/2. Then every summand of K = K (A) is non-negative, and K ≥ 0.
PROOF. If every ti ≥ n/2, then A contains every set of cardinality greater than n/2 and
the result follows. Suppose that ti < n/2, and put X = S − T (i), and |X | = j . Then by
Theorem 3.6, the only sets of size greater than n/2 which are not in A, are the subsets of X
which contain i , and any subset of X which contains i is not a member of A. 
Now let k ≥ n/2. If k > j , thenA contains all of the k-sets, and so nk −nn−k ≥ 0. Suppose























From this, it follows that, for k = j − t ≥ n/2, we have
nk − nn−k ≥
(
j − 1


















Since n/2 > n − k − 1 > j − k, this quantity is non-negative. Then all the summands of
K (A) are non-negative, and the result follows.
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4. THE CASE n = 5
In this section, we consider UC families in P(5). Let A be a UC family with ∪A =
{1, 2, 3, 4, 5}. Let ni denote the number of sets in A of cardinality i . Let K = 3(n4 − n1) +
(n3 − n2).
LEMMA 4.1. Let A be a UC family with ∪A = {1, 2, 3, 4, 5}. Then
(a) n3 − n2 ≥ −3
(b) If n4 > n1, then K ≥ 0.
(c) If n1 = 5, then K = 0, and if n2 ≥ 7 then K ≥ 0.
PROOF. For (a), we use Lemma 3.4(b).We have n3+o3 = 10 = n2+o2, and o2 ≥ (2/3)o3,
so that n3 − n2 = o2 − o3 ≥ (−1/3)o3. If o3 = 10, then necessarily n2 ≤ 2 (given three
2-sets in P(5), two of them must have a common element, and their union is a 3-set), and if
o3 ≤ 9 then (1/3)o3 ≤ 3.
Statement (b) follows from (a). For (c), the f rst part is clear; for the second assume that
n1 ≤ 4.
If n2 = 7, then n3 ≥ 7 by Lemma 3.5; if n2 = 8, then n3 ≥ 9, and if n2 = 10 then n3 = 10,
so in all cases, n3 − n2 ≥ 0. Also, if n3 ≥ 7, we must have n4 ≥ 4. Then, since we assumed
n1 ≤ 4, we get K ≥ 0. 
Before proceeding, we require some of the values of d j (5, k,m) for k = 3, 4; they are com-
puted using Lemma 3.3 and Corollary 2.7. The non-zero values of d1(5, 3,m) are 2, 1, 1, 1
(for m = 1, 2, 3, 4). The non-zero values of d2(5, 3,m) are 7, 5, 4, 4, 2, 1, 1 (for m =
1, 2, 3, 4, 5, 6, 7).
THEOREM 4.2. If B contains all f ve of the 4-sets, then B is an FC(5)-family.
PROOF. Let A be a UC family in P(1, 2, 3, 4, 5), satisfying B unionmulti A ⊆ A, and put ni =
ni (A). We will show that K = K (A) ≥ 0. Then the result will follow from Theorems 2.1
and 2.2.
Case 1. If n4 ≤ 1, then there are at least four of the 4-subsets of B which are not in A, and
so by Lemma 3.2, and the computed values of d j (5, 4,m), we have n1 = n2 = n3 = 0, which
gives K = 3n4 ≥ 0.
Case 2. If 2 ≤ n4 ≤ 4, then by Lemma 3.2 n1 ≤ 1 so that n1 < n4, then by Lemma 4.1(b),
K ≥ 0.
Case 3. If n4 = 5, then either n1 = 5 and K = 0 (Lemma 4.1(c)), or else n1 ≤ 4 < n4,
and then K ≥ 0 by Lemma 4.1(b).
This completes the proof. 
THEOREM 4.3. If B contains four of the 4-sets, and four of the 3-sets, and if no 4-set of B
contains three of the 3-sets of B, then B is an FC(5)-family.
PROOF. Let A be a UC family in P(1, 2, 3, 4, 5), satisfying B unionmulti A ⊆ A, and put ni =
ni (A). We will show that K = K (A) ≥ 0. Let t be the number of the 4-sets of B which are
members of A.
If t < 4, then K ≥ 0 by an argument similar to that of Theorem 4.2. So, assume that t = 4,
whence n4 is either 4 or 5. If n4 > n1, then K ≥ 0 by Lemma 4.1(b), so assume that n4 ≤ n1.
If n1 = 5, we are done by Lemma 4.1(c).
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The only remaining possibility is, n1 = n4 = 4, and K = n3 − n2. The 4-sets of A are
precisely the 4-sets of B, and so the four singletons, say 1, 2, 3, 4, must be the elements of
one of the 4-sets of B. Clearly A contains all the 2-sets and 3-sets of P(1, 2, 3, 4). Next, the
four 3-sets of B each contain two of the singletons 1, 2, 3, 4, and so by Lemma 3.1, all the
3-sets of B must also be members of A. At most two of the 3-sets of B are contained in the
4-set {1, 2, 3, 4} (since no 4-set of B contains three 3-sets of B), and so there are at least two
3-sets (of B) in A, not contained in {1, 2, 3, 4}. But then we have n3 ≥ 6. If n2 ≤ 6 we are
done, and if n2 ≥ 7, then K ≥ 0 by Lemma 4.1(c). This completes the proof. 
COROLLARY 4.4. (a) If B contains four of the 4-sets, and four of the 3-sets, then B is
an FC(5)-family.
(b) If |B| ≥ 9, then B is an FC(5)-family.
PROOF. (a) If some 4-set of B contains three of its 3-sets, then B contains an FC(4)
family, and so B is an FC(5)-family. Otherwise, Theorem 4.3 applies.
(b) If |B| ≥ 9 and B does not have at least four 4-sets and at least four 3-sets, then B must
contain a 1-set or 2-set, and again B is an FC(5)-family. 
5. THE CASE n = 6
Let A be a UC family with ∪A = {1, 2, 3, 4, 5, 6}. Let ni denote the number of sets in A
of cardinality i . Let K = K (A) = 2(n5 − n1) + (n4 − n2).
LEMMA 5.1. If n2 ≥ 11, then K ≥ 0.
PROOF. If n2 = 11, then by Lemma 3.5, n3 ≥ 14, n4 ≥ 11, and n5 ≥ 5. Obviously n1 ≤ 5,
so K ≥ 0. If n2 = 12, then n4 ≥ 14 and n5 = 6; if n2 ≥ 13, then n4 = 15 and n5 = 6. In all
cases, K ≥ 0. 
The non-zero values of d2(6, 4,m) are 9, 6, 5, 5, 5, 2, 1, 1, 1 (for m = 1, 2, 3, . . . , respec-
tively). Note that for 1 ≤ m ≤ 9, we have 10− m ≥ d2(6, 4,m).
THEOREM 5.2. Let B be a UC family in P(6) which is generated by 10 of the 4-sets. Then
K (A) ≥ 0 for every UC-family A in P(6) satisfying B unionmulti A ⊆ A. Consequently, B is an
FC(6)-family.
PROOF. Assume that A is a UC family in P(1, 2, 3, 4, 5, 6), satisfying B unionmulti A ⊆ A. Let
ni = ni (A). IF n1 = 6, or if n2 ≥ 11, then K (A) ≥ 0, so we assume that n2 ≤ 10, and
n1 ≤ 5.
First, note that since B contains 10 of the 4-sets, then B must contain at least f ve of the 5-
sets. LetU be the collection of the 5-sets of B, which are not contained inA, and put |U | = m.
If m = 0 then n5 ≥ 5. If m = 1, then n1 ≤ 1 (by Lemma 2.7) and n5 ≥ 4. If m > 1 then
n1 = 0, and so in all cases we have n5 − n1 ≥ 0.
Now let U be the collection of 4-sets of B which are not contained in A, and |U | = m. If
m = 0, then n4 ≥ 10 and then n4 − n2 ≥ 0 (we are assuming n2 ≤ 10). So suppose m > 0.
Then n4 ≥ 10 − m, and from Lemma 2.7, we have 10 − m ≥ d2(6, 4,m) ≥ n2, so that
n4 − n2 ≥ 0. Then K ≥ 0. Then from Theorems 2.1 and 2.2, B is an FC(6)-family. 
THEOREM 5.3. Let B be a UC family in P(6) which is generated by eight of the 4-sets,
and all of the 5-sets. Then K (A) ≥ 0 for every UC-family A in P(6) satisfying B unionmultiA ⊆ A.
Consequently, B is an FC(6)-family.
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PROOF. As before, we may assume that n2 ≤ 10 and n1 ≤ 5. If n1 = n2 = 0, then
K (A) ≥ 0, so we also assume that n1 + n2 > 0. Considering the 5-sets, as in the proof of
Theorem 5.3, these assumptions imply that n5 − n1 ≥ 1. (If n1 ≥ 2, then n5 = 6; if n1 = 1,
then n5 ≥ 5, and if n2 ≥ 1 then n5 ≥ 4. In all cases, n5 − n1 ≥ 1.)
Next, let U be the collection of 4-sets of B which are not contained in A, and |U | = m. If
m = 0, then n4 ≥ 10 and then n4 − n2 ≥ 0 (we are assuming n2 ≤ 10). So suppose m > 0,
then n4 ≥ 8 − m, and from Lemma 3.2, we have 8 − m ≥ d2(6, 4,m) − 2 ≥ n2 − 2, so that
n4 − n2 ≥ −2. Then K = 3(n5 − n1) + (n4 − n2) ≥ 3 − 2 ≥ 0. Then from Theorems 2.1
and 2.2, B is an FC(6)-family. 
6. THE CASE n = 7
Let A be a UC family with ∪A = {1, 2, 3, 4, 5, 6, 7}. Let ni denote the number of sets in
A of cardinality i . Let K = K (A) = 5(n6 − n1) + 3(n5 − n2) + (n4 − n3).
The non-zero values of d1(7, 5,m) are 2, 1, 1, 1, 1, 1 (for 1 ≤ m ≤ 6). The non-zero values
of d2(7, 5,m) are 11, 7, 6, 6, 6, 6, 2, 1, 1, 1, 1 (for 1 ≤ m ≤ 11). The non-zero values of
d3(7, 5,m) are 25, 19,16, 15, 15, 15, 9, 6, 5, 5, 5, 2, 1, 1, 1(for 1 ≤ m ≤ 15).
THEOREM 6.1. If n2 ≥ 16, then every term of K is non-negative, and K ≥ 0.
PROOF. We use the notation of Theorem 3.6; ti is the number of 2-sets in A of the form
{i, a}. By Corollary 3.7, if every ti ≥ 4, then A contains all sets of cardinality four or more,
and then obviously every term of K is non-negative.
Suppose that every ti ≥ 3. Let E denote the 2-sets of P(7) which are not in A. Since
|E | ≤ 5, at most two of the ti can be equal to three, and the others would be less; then A
must contain all but at most two of the 4-sets of P(7). If o4 = 1, then o3 ≥ 3, and if o4 = 2,
then o3 ≥ 5; in both cases we have n4 − n3 ≥ 0. Evidently n5 − n2 = 21 − n2 ≥ 0 and
n6 − n1 = 6 − n1 ≥ 0, and again every term of K is non-negative.
Since |E | ≤ 5, if any ti = 2, then all the remaining t j ≥ 4. If |E | < 5, then all ti ≥ 2; if
|E | = 5 we can have just one ti = 1, and then all remaining t j ≥ 5. We consider these two
cases separately.
Suppose that e.g., t7 = 2, and {{3, 7}, {4, 7}, {5, 7}, {6, 7}} ⊆ E . Then A contains every
5-set except X = {3, 4, 5, 6, 7}, and the only 4-sets not in A are the 4-subsets of X which
contain 7; then n4(A) ≥ 31, and o4 ≤ 4. If o4 ≥ 2 then o3 ≥ 5, and so n4 − n3 ≥ 0. We also
have n5 − n2 ≥ 20− 16 = 4, and n6 − n1 ≥ 6− n1 ≥ 1, so every term of K is non-negative.
Finally, suppose |E | = 5 and E = {{2, 7}, {3, 7}, {4, 7}, {5, 7}, {6, 7}}.
Put B = {X ∈ A : 7 /∈ X}, A7 = {X ∈ A : 7 ∈ X}, C = {X − {7} : X ∈ A7}. Then
A is the disjoint union of the UC families B and A7, B unionmultiA7 ⊆ A7, and so B and C are UC
families in P(6) satisfying B unionmulti C ⊆ C. Furthermore, for each i , ni (A) = ni (B) + ni−1(C).
Here, we have n2(B) = 15, and B contains every set in P(6) of cardinality two or more.
Also, since {1, 7} ∈ A, C contains the singleton 1, and so by Lemma 3.1 C contains every







where ri ≥ 0.
From this, n6(A) ≥ 6, n5(A) ≥ 16, and ni (A) ≥ 25 for i = 3, 4. Since n2(A) = 16, then
n1(A) ≤ 6, and so n6(A) − n1(A) ≥ 0, and n5(A) − n2(A) ≥ 0. It remains to check that
n4(A) − n3(A) = r3 − r2 ≥ 0.
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If r3 = 10, then r3 − r2 ≥ 0, so suppose that r3 < 10. Then (since B contains all of the
3-sets) there are 10 − r3 of the 3-sets of P(6) which are in B and not in C. The values of
d2(6, 3,m) are 12, 10, 9, 9, 7, 6, 6, 5, 5, (for m = 1, 2, 3, . . .), and then for 1 ≤ r3 ≤ 9,
we get r3 − r2 ≥ 1. (For example, if r3 = 9, then 10 − r3 = 1 and 5 + r2 ≤ 12 gives
r3 − r2 = 9 − 7 = 2.)
On the other hand, suppose that r2 > 0, say C contains a 2-set {a, b} such that a, b = 1.
Then (since B contains all 3-sets), by Lemma 3.1, C contains every 3-set which contains
{a, b}. There are four such 3-sets, and only one of them contains 1, so if r2 > 0, then r3 ≥ 3.
Now it follows that in all cases, r3 − r2 ≥ 0.
This completes the proof. 
LEMMA 6.2. n4 − n3 ≥ −8.
PROOF. We have n4 + o4 = 35 = n3 + o3, so that n4 − n3 = o3 + o4. By Lemma 3.4,
4o3 ≥ 3o4 and then o3 − o4 ≥ (−1/4)o4. Since o3 and o4 are integers, and o4 ≤ 35 then
o3 − o4 ≥ −8 for all possible values of o4, as required. 
REMARK. By a more careful (and extremely tedious) analysis, one can actually show that
n4 − n3 ≥ −6, for all UC families A in P(7). However, the result above is suff cient for our
purposes.
THEOREM 6.3. Let B be a UC family in P(7) which is generated by all of the 6-sets and
15 of the 5-sets. Then K = K (A) ≥ 0 for every UC-family A in P(7) satisfying B unionmultiA ⊆ A.
Consequently, B is an FC(7)-family.
PROOF. Let A be a UC family in P(7) satisfying B unionmultiA ⊆ A. If n1 = 7, or if n2 ≥ 16, we
have K ≥ 0, so we assume n1 ≤ 6 and n2 ≤ 15.
Suppose f rst that n6 = 7 − m < 7. We use Lemma 3.3 to compute values of di (7, 6,m),
and then apply Lemma 3.2, for the different values of m.
If m ≥ 4, then n1 = n2 = n3 = 0 and K ≥ 0. If m = 3, then n1 = n2 = 0 and n3 ≤ 1;
then K = 5(n6 − n1) + 3(n5 − n2) + (n4 − n3) ≥ 0.
Ifm = 2, then n1 = 0, n2 ≤ 1, and n3 ≤ 5; then K = 5(n6−n1)+3(n5−n2)+(n4−n3) ≥
5(5) − 3 − 5 > 0.
If m = 1, then n1 ≤ 1, n2 ≤ 6, and n3 ≤ 15. If n5 ≥ 6, then we have K ≥ 5(6 − 1)
+ 0 − 8 ≥ 0. If n5 < 6, then there are at least nine 5-sets of B which are not in A, and
then we have n j ≤ d j (7, 5, 9), for j = 1, 2, 3, 4; then n1 = 0, n2 ≤ 1, and n3 ≤ 5, and
K ≥ 5(6) − 1 − 5 ≥ 0.
So suppose now that n6 = 7. Let U be the collection of the 5-sets of B which are not in A,
and put u = |U |. Observe that for u = 1, 2, . . . , 15, it is true that 15 − u ≥ d2(7, 5, u) + 3;
hence we can say that if u > 0, then n5 − n2 ≥ 3. Also, if u > 0, then n1 ≤ 2. From
Lemma 6.2, n4 − n3 ≥ −8, and so if u > 0, it follows that K ≥ 5(7 − 2) + 3(3) − 8 ≥ 0.
There only remains the case whenA contains all of the 5-sets and 6-sets of B; then n6 = 7,
and n5 ≥ 15. We are assuming that n1 ≤ 6 and n2 ≤ 15. If n1 < 6, then K = 5(7 −
n1) + 3(15 − n2) + (n4 − n3) ≥ 10 + 0 − 8 ≥ 0. Finally, suppose that n1 = 6. Then
n4 ≥ 15, so that o4 ≤ 20 and then o3 − o4 = n4 − n3 ≥ (−1/4)(20) = −5, and so we get
K ≥ 5(7− 6) + 0 − 5 ≥ 0. It follows that B is an FC(7)-family. 
7. QUESTIONS AND CONJECTURES
The results for n = 5, 6, 7, and the methods used, suggest various natural questions and
conjectures.
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Question 1. Let U = {X1, X2, . . . , Xm} be a collection of k-sets in P(n), and let A be the
UC family generated by U . Find good upper and lower bounds for n j (A), either depending
on m alone, or depending on m and some other properties of the sets in U .
Question 2. Find some method of approach that will yield an analogue of Theorem 3.6,
using 3-sets instead of 2-sets.
Question 3. Find some FC(n)-families, using condition (ii) of Theorem 2.1, but where the
numbers ci are not all equal to 1/n.
Question 4. For each of n = 5, 6, 7, are the FC(n)-families given in this paper, the only
ones?
Question 5. (A whole set of questions). This is suggested by the conditions on subsets given
in the FC(n)-families. For instance, if any collection of 4-sets in P(n) has the property that
none of them contains more than two 3-sets, how many 3-sets can there be? (In joint work
with Ezra Brown, we prove that for n = 5, 6, 7, 8, this number is (respectively) 5, 10, 15,
22.) An exact expression for this number would be interesting, and a constructive approach
seems to be necessary. There are similar questions for the other conditions, and combinations
of conditions.
Question 6. A family A in P(n) may be called ‘super-set-closed’ (SSC) provided that for
every member X ofA, all the supersets of X are also in A. Such a family is obviously union-
closed; prove the Frankl conjecture for SSC families.
Conjecture 1. IF A is a UC-family with |S(A)| = n, and if n2 ≥
(n
2
) + 1, then K (A) ≥ 0.
Conjecture 2. IfA is a UC-family with |S(A)| = n, and if n2 ≥
(n
2
) + 1, then every term of
K (A) is non-negative.
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